The most basic characteristic of real solutions u(x, t) of the sine-Gordon equation u tt − u xx + sin u = 0 which are quasiperiodic in the x-variable is the density of topological charge defined as:n = lim
The reality condition on Γ is that {E 1 , · · · , E 2g } = {E 1 , · · · , E 2g } for all i, and E i < 0 if E i ∈ R. The reality condition on the divisor found by Cherednik in [1] is: D+τ D−0−∞ = K where τ (λ, µ) = (λ,μ) and K is the canonical class. Such a divisor will be called admissible. In order to write the θ-functional formula for u(x, t) we need some notation. Let a i , b j for 1 ≤ i, j ≤ g be a symplectic basis of cycles on Γ and ω = (ω 1 , · · · , ω g ) holomorphic differentials satisfying a j ω i = δ ij . The Riemann matrix of Γ is the matrix defined by
} is the Jacobian variety of Γ. Let K ∈ J(Γ) be the associated vector of Riemann constants. Let
)(0). The θ-functional formula for e iu(x,t) can be written as follows (see [5] , [2] ):
, and
In order to computen for real solutions, we choose a special basis of cycles a i , b j (figure (1) with parameter k = 1) as suggested in [4] . Here E 1 , · · · , E 2m are the non-zero real branch points and 
for some x ∈R g /Z g and for some s k ∈ {−1, 1}
Thus the set {z ∈ J(Γ) | z = −A(D) − K with D admissible} has 2 m components characterized by the symbol s = (s 1 , s 2 , · · · , s m ), each of which is a real g-dimensional torus denoted by T s . The vectors i U, i V are purely real and hence z(x, t) ∈ T s . It is a consequence of the Cherednik reality condition that the T s are disjoint from Θ ∪ (Θ − A(0)) where Θ = {z ∈ J(Γ) | θ(z) = 0}. Therefore the real solutions u(x, t) given by equation (1) are non-singular. We also define functions u j (T ) for T ∈ [0, 1] by the formula:
where e j is the j-th standard basis vector of C g , and therefore z j (T ) represents the j-th basic cycle of T s . The topological charge densityn is given by the formula (see [4] ):
It is convenient to replace ǫ = (1, 0) t in the expression
where we have also used the fact that the cycles ǫ ′ /2 + Bǫ/2 + z j (T ) and Bǫ/2 + z j (T ) are homologous in the real torus T − s . The charges n j are easily calculated using formula (3) in two special cases: Lemma 1. In the case when m = 0 (no real branch points) we have n j = 0 for all j. In the case g = m = 1, we have n 1 = s 1 . For later use, we also calculate n 1 from (3) if K is taken to be 1/2 instead of the correct value (1 + τ )/2, and s 1 is replaced by −s 1 . In this case n 1 = −s 1 .
We reduce the calculation of the charges n j in the general case to the two special cases of Lemma 1. We consider the following family of real nonsingular hyperelliptic curves Γ(k) depending on the real parameter k ∈ [1, ∞):
The basic cycles a i (k), b j (k) on Γ(k) are chosen as shown in figure (1) . The original curve Γ coincides with Γ(1). Let C i for 1 ≤ i ≤ m be the real elliptic curves defined by C i : y 2 = x(x− E 2i−1 )(x − E 2i ) and let C m+1 be the real hyperelliptic curve C m+1 :
Let B(k) denote the Riemann matrix of the curve Γ(k) with respect to the basic cycles The charges n j being integers are constant during the deformation k : 1 → ∞. Therefore n j can be calculated from formula (3) using the Riemann matrix B(∞).
, using Lemma 1 together with the formula
we obtain the result:
The details will appear in a future article.
Remarks
(1) In [4] , the admissible divisors were characterized by certain symbols {s
m defined as follows. Given an admissible divisor D = {(λ i , µ i ) | 1 ≤ j ≤ g} let P (λ) be the unique polynomial of degree g − 1 interpolating the g points (λ i , µ i /λ i ). Then P (λ) is real and s ′ j is defined to be the sign of P (λ) over [E 2j , E 2j−1 ]. It was shown in [4] that the charges n j are equal to (−1) j−1 s ′ j for j ≤ m and n j = 0 for j > m. Comparing with formula (4), it follows that the symbols s ′ j and s j coincide for all j.
(2) The multiscale limit of the spectral curve constructed above was used only for a topological argument. The sine-Gordon solutions u(x, t, k) associated with the spectral curve Γ(k) (and admissible divisors D(k)) depend on the vectors U(k) and V (k) mentioned in the introduction. As k → ∞, some component of U(k) will diverge to ∞. Thus there is no limiting solution. However asymptotic expansion in the parameter k of u(x, t, k) involving elliptic (genus 1) solutions can be written. This will be investigated in a future work.
